
Math 270: Differential Equations Day14

Applications of 2nd-Order Linear Differential Equations



Applications of 2nd-Order Linear Differential Equations

The Mass-Spring System

Springs & Hooke’s Law:  

• A spring has a natural length

• If the spring is stretched beyond its natural length (length is longer than its 

natural length), the spring will apply a force in the direction opposite the 

direction it was stretched (it tries to get back to its natural length)



Applications of 2nd-Order Linear Differential Equations

The Mass-Spring System

Springs & Hooke’s Law:  

• A spring has a natural length

• If the spring is compressed from its natural length (length is shorter than 

its natural length), the spring will apply a force in the direction opposite 

the direction it was compressed (it tries to get back to its natural length)



Applications of 2nd-Order Linear Differential Equations

The Mass-Spring System

Hooke’s Law:  If a spring is stretched (or compressed) by an amount  y  , then 

the magnitude of the force exerted by the spring is …

𝐹𝑠𝑝𝑟𝑖𝑛𝑔 = 𝑘𝑦

𝐹𝑠𝑝𝑟𝑖𝑛𝑔 = the force exerted by the spring

y  = the amount the spring is stretched from its natural length

k  = a number, called the spring constant. (if tells you how hard it is to stretch 

the spring)

Ԧ𝐹𝑠𝑝𝑟𝑖𝑛𝑔 = −𝑘𝑦



Applications of 2nd-Order Linear Differential Equations

The Mass-Spring System     discuss damping and external forces and most general DE

Ԧ𝐹𝑑𝑎𝑚𝑝𝑖𝑛𝑔 = −𝑏𝑦′ 𝑏 > 0

Ԧ𝐹𝑒𝑥𝑡𝑒𝑟𝑛𝑎𝑙 = 𝐹𝑒𝑥𝑡(𝑡)

DE:     𝑚𝑦′′ + 𝑏𝑦′ + 𝑘𝑦 = 𝐹𝑒𝑥𝑡(𝑡)



Applications of 2nd-Order Linear Differential Equations

The Mass-Spring System  (undamped, free case)

Derive



Applications of 2nd-Order Linear Differential Equations

The Mass-Spring System  (undamped, free case)

Derive

DE

𝑦(𝑡)

Alternate form formulas:

Period

Frequency

Amplitude



Applications of 2nd-Order Linear Differential Equations

The Mass-Spring System  (undamped, free case)
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The Mass-Spring System (damped, free case)

Discuss
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The Mass-Spring System (damped, free case)

Discuss Underdamped
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Applications of 2nd-Order Linear Differential Equations

The Mass-Spring System (damped, free case)

Discuss Overdamped



Applications of 2nd-Order Linear Differential Equations

The Mass-Spring System (damped, free case)

Discuss Critically Damped
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The Mass-Spring System (damped, free case)



Applications of 2nd-Order Linear Differential Equations

The Mass-Spring System (damped, free case)

𝑏 = 6:

𝑏 = 10:

𝑏 = 12:



Applications of 2nd-Order Linear Differential Equations

The Mass-Spring System (damped, free case)



Applications of 2nd-Order Linear Differential Equations

The Mass-Spring System (damped, free case)
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